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Abstract
The compact-open topology is the unique minimum group topology on the group of autohomeo-
morphisms of any one dimensional metric manifold. Every compact metric zero-dimensional topo-
logical group is topologically isomorphic to the autohomeomorphism group, with the compact-open
topology, of a compact, connected, locally connected, metric space. Hence there are two compact,
connected, locally connected, metric spaces with algebraically, but not topologically, isomorphic
autohomeomorphism groups, with compact-open topology.
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The algebraic structure of the autohomeomorphism group of a manifold has a strong
influence on the group topologies admitted by this group. For a space X, denote by H(X)
the group of autohomeomorphisms of X, with the compact-open topology. Provided X
is locally compact and locally connected, H(X) is a topological group. In [6] Whittaker
proves that if M and N are compact manifolds (with or without boundary), and H(M) is
algebraically isomorphic to H(N), then M and N are homeomorphic, and hence H(M)
and H(N) are topologically isomorphic. This was extended by Wright [7] to (connected,
separable metric) manifolds without boundary. Note however that H([0,1]) and H(R)
are topologically isomorphic. Nonetheless, Kallman [5] was able to show that if M is
a separable metric manifold, then the compact-open topology is the unique Polish group
topology on the groupH(M). Thus, if M andN are separable metric manifolds, and H(M)
and H(N) are algebraically isomorphic, then they are topologically isomorphic.
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In this note we show that autohomeomorphism groups of metric one-dimensional
manifolds (with or without boundary) admit a unique minimum group topology (one
contained in all T1 group topologies), which is the compact-open topology. (The authors
were informed by the referee that this result was obtained by different techniques by Hayes
in her unpublished PhD dissertation [4].) In a different direction we show that spaces
with much in common with manifolds (compact, connected, locally connected, metric
spaces) may fail, in a strong way, to satisfy the conclusions of the Whittaker, Wright and
Kallman results. In particular, there are two compact, connected, locally connected, metric
spaces with algebraically, but not topologically, isomorphic (infinite) autohomeomorphism
groups.
1. One dimensional manifolds
Let I = [0,1]. Define, for h ∈ H(I), Move(h) = {x ∈ I : h(x) = x}; and for 0  a <
b 1, choose p,q ∈H(I) (depending on a and b) so that p = 1, q = 1, Move(p)⊆ (a, b),
Move(q)⊆ (a, b), and pq = qp. Define T (a, b)= {g ∈H(I): gpg−1 does not commute
with q}.
Theorem 1. For any metric one dimensional manifold (with or without boundary) M , the
compact-open topology on H(M) is the unique minimum group topology on H(M).
Proof. We give the proof only for the specific case M = I , but it should be clear how to
deal with any metric one dimensional 1-manifold. What we are required to do is to find a
family τ of sets which must be open in any group topology on H(I), so that if U is an open
neighbourhood of the identity element 1 in the compact-open topology on H(I), then there
is a T ∈ τ such that 1 ∈ T ⊆ U . In which case, all sets open in H(I) in the compact-open
topology must be open in any group topology on H(I).
For 0  a < b  1, pick p,q ∈ H(I) (depending on a and b) so that p,q = 1,
Move(p) ⊆ (a, b), Move(q)⊆ (a, b) and pq = qp. Define T (a, b)= {g ∈ H(I): gpg−1
does not commute with q}. Let τ be the collection of all finite intersection of T (a, b)’s.
We state and prove a series of claims which demonstrate that τ is as required.
Claim 1. 1 ∈ T (a, b).
Because 1p1−1 = p, and p does not commute with q .
Claim 2. T (a, b) is open in any (Hausdorff ) group topology on H(I), and if g ∈ T (a, b),
then ∃x ∈ (a, b) such that g(x) ∈ (a, b).
T (a, b) is the inverse image of the open set H(I) \ {1} under the continuous map
g → gpg−1q(gpg−1)−1q−1, and so T (a, b) must be open.
Let U = (a, b). It is sufficient to show that g(U)∩U = ∅.
Suppose that for all x ∈ U , g(x) /∈ U , i.e., g(U) ⊆ X \ U . Note that if y /∈ g(U), then
g−1(y) /∈ U , so pg−1(y)= g−1(y) (Move(p)⊆ U), and gpg−1(y)= gg−1(y)= y . Thus
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y /∈Move(gpg−1), i.e., Move(gpg−1)⊆ g(U). But g(U)⊆X \U , and so Move(gpg−1)⊆
X \U .
Thus Move(gpg−1) (⊆X \U) and Move(q) (⊆U) are disjoint.
Take any x ∈ I .
If x ∈ U : q(gpg−1)(x)= q(x). Note q(x) ∈ U (Move(q)⊆U), and so (gpg−1)q(x)=
q(x) (Move(gpg−1)⊆X \U).
Similarly if x ∈X \U .
Thus gpg−1 and q commute, a contradiction.
Claim 3. Every open neighbourhood U of 1 in H(I) (with the usual topology) contains a
T in τ .
A basic neighbourhood of e has the form:
Bε =
{
g ∈H(I): |g(x)− x|< ε, ∀x ∈ I}.
So, given ε > 0, pick n ∈ N (n > 1) so that 0 < 1/n < ε/3. Let T = T (0,1/n) ∩
T (1/n,2/n)∩ · · · ∩ T (1− 1/n,1).
Subclaim. If h ∈ T then h ∈ Bε .
Suppose not, so h ∈ T but h /∈ Bε As h /∈ Bε , there exists x ∈ I such that |h(x)− x|
ε > 2/n. Pick minimal i such that x ∈ [i/n, (i + 1)/n].
From Claim 2, pick x0, x1 such that x0 ∈ (i/n, (i + 1)/n), x1 ∈ ((i + 1)/n, (i + 2)/n)
and h(x0) ∈ (i/n, (i + 1)/n) while h(x1) ∈ ((i + 1)/n, (i + 2)/n).
By the intermediate value theorem, any homeomorphism of I is either increasing or
decreasing.
Considering the four possible cases we show that h is not monotone. (Note that of course
x0 < x1.)
Case 1: x0 < x and h(x0) < h(x). Then h(x) > h(x1) and h is not monotone.
Case 2: x0 < x and h(x0) > h(x). Then h(x) < h(x1) and h is not monotone.
Case 3: x0 > x and h(x0) < h(x). Then h(x0) < h(x1) and h is not monotone.
Case 4: x0 > x and h(x0) > h(x).
Then i = 0. Pick x−1 ∈ ((i − 1)/n, i/n) such that h(x1) ∈ ((i − 1)/n, i/n). Now,
x−1 < x < x0, but h(x−1) > h(x), while h(x) < h(x0), so h is not monotone. ✷
2. Autohomeomorphism groups of manifold-like spaces
For convenience let us call a space which is: compact, connected, locally connected
and metric, ‘nice’. Compact, zero-dimensional topological groups have a basis of open
neighbourhoods which are normal subgroups. It follows that a group is compact, zero-
dimensional if and only if it is the projective limit of finite groups. For this reason compact,
zero-dimensional groups are termed profinite.
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Theorem 2. For every metric profinite group G, there are continuum many pairwise
non-homeomorphic ‘nice’ spaces, whose homeomorphism groups, with the compact-open
topology, are all topologically isomorphic to G.
Proof. LetR be a ‘nice’ space such that H(R)= 1, such as the Cook curve [2].
First let us consider the case when G is finite.
Let CG(G) denote the Cayley Graph of G, which is the graph with underlying set G,
and edges (u, v) in the graph if and only if v = uh for some h ∈G. For u,v ∈G, the edge
(u, v) has colour h ∈ G if and only if v = uh. Note that an automorphism of CG(G) is
a permutation α on the vertices of CG(G) such that (u, v) is an edge of CG(G) if and
only if (αu,αv) is an edge of CG(G). Further, α is said to be colour-preserving if for
every edge (u, v) of CG(G), the edges (u, v) and (αu,αv) have the same colour. For
any finite group G, the group of colour-preserving automorphisms of its Cayley Graph,
AutCol(CG(G)), is isomorphic to G.
Let {g1, . . . , gn} be the elements of G. For each i ∈ {1, . . . , n}, choose distinct pairs
of points (agi , bgi ) of R. Define Egi = (R, agi , bgi ) ∼=R. This assigns a particular label
to each copy of R that will be used. Let hi = gi for i ∈ {1, . . . , n}. Define X′(G) =⊕
(gi ,hj )∈G×GE
gi
hj
.
With the Cayley Graph in mind, we will now identify appropriate points of X′(G),
thinking of gi as the “start point”, and hj as the “multiplication element” or “colour of
edge”. So take g ∈G, g = gi say. Identify the following points: each aj of Egihj for all j ,
together with each bj of Egkhj , where gkhj = gi , as j, k range over 1, . . . , n. Label the
resulting point gi . Denote the resulting space X(G).
Claim 4. H(X(G))∼= AutCol(CG(G)) [∼=G].
Note that the only homeomorphism of any Eg =R is the identity. For α ∈H(X(G)),
it is clear that for every element g of X(G), α(g)= h for some h ∈G. Let αCG(G) be the
obvious induced map on CG(G).
Consider
f :
(
H
(
X(G)
))→ AutCol(CG(G)),
α → αCG(G).
f well-defined: Need to show that αCG(G) ∈ AutCol(CG(G)).
Since every pair of vertices of CG(G) is connected by an edge, αCG(G) must be an
automorphism of CG(G). So we need check αCG(G) colour-preserving.
Let (u, v) be any edge of CG(G), where u,v ∈G. Note v = uh for some h ∈G, where
h is the “colour” of the edge (u, v). Then (αu,αv) is also an edge of CG(G), where
(αu)= (αv)k for some k ∈G. Thus in X(G), α(Euh)=Eαuk . Since α ∈H(X(G)), α|Euh is
a homeomorphism, and so Euh ∼=Eαuk . R is rigid, and so identifying Eαuk with Euh , α|Euh is
the identity map. It follows that α|Euh (ah)= ah, α|Euh (bh)= bh, and so h= k.
Thus αCG(G) must be colour-preserving, as required.
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f bijection: It is clear by the construction of X(G) that if αCG(G) = βCG(G), then α = β ;
and that for every colour-preserving automorphism, γ say, on CG(G), it is possible to
construct a homeomorphism α of X(G) such that αCG(G) = γ .
f homomorphism: Given α,β ∈H(X(G)), it follows that αCG(G)βCG(G) = (αβ)CG(G),
as required. Note that since each of these groups is finite (with the discrete topology),f
must also be a topological isomorphism. Thus H(X(G))∼= AutCol(CG(G))∼=G.
Now let G be a profinite, metric topological group. Then G is compact, zero-
dimensional and first-countable, so we can find a sequence {Un: n ∈ N} of open normal
subgroups of G, where Un+1 ⊆ Un (and so Un+1  Un) for each n ∈ N, and ⋂n∈N Un ={1}. Note that each open normal Un has finite index in compact G.
Let Gn = G/Un. Note each Gn is a finite topological group. In the following, let gn
denote an arbitrary member of the group Gn.
Thus we have a sequence
1=G0 φ1←−G1 φ1←−G2 φ1←−G3 φ1←− · · ·
such that
G= lim←−Gi =
{
g = (gi)
i∈N ∈
∞∏
i=0
Gi : φi+1
(
gi+1
)= gi
}
where each φi is the surjective homomorphism
φi :Gi =G/Ui →Gi−1 =G/Ui−1
given by φi(gUi)= gUi−1.
We aim to construct a topological space X′(G) such that H(X′(G)) ∼= G (note that
X′(G) has all the properties required, except it is not compact).
For each finite group Gi , construct X(Gi) such that H(X(Gi)) ∼= Gi . Ensure
(agi , bgi ) = (akj , bkj ) for any gi ∈ Gi, kj ∈ Gj , for all i, j ∈ N. So have X(1) =
X(G0),X(G1),X(G2), . . . .
On R, choose distinct pairs {(ai, bi): i ∈ N}, where the ai, bi are also distinct from
all the points labeled on curves used in the construction of all the X(Gi). For gi+1 ∈
Gi+1, hi ∈Gi , where φi+1(gi+1)= hi , let
E
gi+1
hi
= (R, ai, bi)∼=R.
For each i ∈N, suppose |Gi | =mi .
Let
X′′(G)=
(⊕
r∈N
X(Gr)
)
⊕
(⊕
i∈N
( ⊕
1jmi+1
E
gi+1j
gik
))
where Gi+1 = {gi+11 , . . . , gi+1j , . . . , gi+1mi+1} and gik = φi+1(gi+1j ).
For each i ∈N, identify the following points:
For i = 0: each a0. For i ∈ N, i > 0: let Gi = {g1, . . . , gl, . . . , gmi }. Fix l where
1  l  mi . Identify bi−1 of E
gil
hi−1k
where φi(gil ) = hi−1k ∈ Gi−1 with each ai of E
hi+1k
gil
where φi+1(hi+1k )= gil ∈Gi . Label the resulting point gil .
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Denote the resulting space X′(G).
In order to prove that G ∼= H(X′(G)), we need to exhibit a topological isomorphism
Φ :G→ H(X′(G)). As G is compact, it is sufficient to prove that Φ is an algebraic
isomorphism, which is continuous.
Note that the topology on G is that given by considering G as a subspace of
∏
Gi
with the product topology. H(X′(G)) has the compact-open topology, where given a fixed
metric d for X′(G), a basic neighbourhood of 1 (the identity map), is given by
B(K,ε)= {h ∈H (X′(G)): d(h(x), x)< ε, ∀x ∈K},
where K is a compact subset of X′(G).
From above we know that for each i ∈ N, H(X(Gi))∼=Gi . Denote the corresponding
topological isomorphism by fi .
Define
Ψ :H
(
X′(G)
)→G=
{
g = (gi)
i∈N ∈
∞∏
i=0
Gi : φi+1
(
gi+1
)= gi
}
,
Ψ (h)i = fi(h|X(Gi)).
Ψ well-defined: Note that by construction ofX′(G),h(X(Gi))=X(Gi), and so h|X(Gi)
is a homeomorphism of X(Gi). Suppose Ψ (h)i = gi ∈Gi for each i ∈ N. Need to check
that (gi)i∈N ∈G, i.e., that for each i ∈N, φi(gi)= gi−1.
Fix i ∈ N . Suppose φi(gi) = ki−1 ∈ Gi−1. Take any li−1 ∈ Gi−1. Then h(li−1) =
li−1gi−1. Since φi :Gi →Gi−1 is a surjective homomorphism, choose li ∈ Gi such that
φi(l
i )= li−1.
By construction of X′(G), ∃E =Eli
li−1 = (R, ai−1, bi−1) such that ai−1 = li−1, bi−1 =
li . Since h ∈ H(X′(G)), h|E is also a homeomorphism, and so h(E)= Ep
i
φi (p
i)
for some
pi ∈Gi . R is rigid, and so identifying h(E) with E, h|E is the identity map on E.
So ai−1 = h(li−1) = li−1gi−1, together with bi−1 = h(bi−1) = h(li ) = ligi , implies
that φi(ligi) = li−1gi−1. But φi(ligi) = φi(li)φi(gi) = li−1ki−1. Thus ki−1 = gi−1, i.e.,
φi(g
i)= gi−1 as required.
By construction of H(X′(G)), it follows that Ψ is a bijective homomorphism. Thus Ψ
is an algebraic isomorphism, and so Φ = Ψ−1 is also an algebraic isomorphism.
It remains to show that Φ is continuous, and for that it suffices to prove continuity of Φ
at the identity element of G. Note Φ(1G)= 1H(X′(G)).
First, define the subsets Cn,Wn (for each n ∈N) of X′(G) as follows:
Cn
def=
(
n⋃
i=0
X(Gi)
)
∪
(
n⋃
i=0
{
E
gi
φi(gi)
: gi ∈Gi
})
.
Note Cn is the union of finitely many copies ofR, and so is a compact subset of X′(G).
Set εn = 12d(an, bn). LetWn
def= Cn∪{Bεn(gn): gn ∈Gn}, an open subset ofX′(G). Clearly
Cn ⊆Wn ⊆ Cn+1 for all n ∈N.
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Need to show that for basic open U ⊆ H(X′(G)) about 1H(X′(G)), there is an open
V ⊆ G, 1G ∈ V , such that Φ(V ) ⊆ U . Since U is a basic open set about 1, ∃ε > 0 and
compact K ⊆X′(G) such that
U = B(K,ε)= {h ∈H (X′(G)): d(h(x), x)< ε, ∀x ∈K}.
Now {Wn: n ∈N} is an open cover for K , and so has a finite subcover {Wn1 , . . . ,Wnm}.
Let n=max{n1, . . . , nm}, and so K ⊆Wn. MoreoverK ⊆ Cn+1 compact. Let K ′ = Cn+1.
Set
ε′ =min
{
ε,
1
2
min
{
d(a, b): (R, a, b)⊆
n⋃
i=0
X(Gi)
}}
.
Then since K ⊆K ′, ε′  ε, it follows that B(K ′, ε′)⊆ B(K,ε); and moreover B(K ′, ε′)
is a basic open set about 1H(X′(G)).
Take h ∈ B(K ′, ε′) ⊆ H(X′(G)). Choose i such that 1  i  n + 1. Know that for
gi ∈Gi , h(gi) ∈Gi . Suppose h(gi) = gi . Let ki ∈Gi , ki = 1i , be such that h(gi)= giki .
Then d(h(gi), gi) = d(aki , bki ) > ε′, a contradiction. So h(gi) = gi for all gi ∈Gi , and
this holds for G0, . . . ,Gn+1. Thus Ψ (B(K ′, ε′))= Bn+1, say, where
Bn+1 =
{(
gi
)
i∈N ∈G: gi = 1i , ∀i  n+ 1
}
.
Note that Bn+1 = Un+1 ⊆ G, where Un+1 is a member of the sequence of normal
subgroups of G defined above such that G/Un+1 =Gn+1. Note
Bn+1 =G∩
(
n+1⋂
i=1
π−1i
({1i})
)
,
where {1i} is a an open subset of the finite group Gi , and so Bn+1 is open in G. Moreover,
Φ(Bn+1)= B(K ′, ε′)⊆ B(K,ε)=U .
Thus Φ is continuous, as required.
Finally, let X(G) be the one-point compactification of X′(G). Then X(G) is metric,
compact, one-dimensional, connected and locally connected, and, since the ‘point at
infinity’ of X(G) is clearly fixed by any homeomorphism of X(G), we have H(X(G))
topologically isomorphic to H(X′(G)) which, in turn, is topologically isomorphic to G.
Although we have constructed only one ‘nice’ space, viz. X(G), such that H(X(G))∼=
G, it is clear that we have continuum many choices for the special points of R used as
‘end’ points, and each such selection yields a non-homeomorphic space. ✷
Corollary 3. Continuum many pairwise non-homeomorphic ‘nice’ spaces can share the
same, up to topological isomorphism, homeomorphism group.
Evans and Hewitt [3] construct two infinite, metric profinite groups which are
algebraically isomorphic but not isomorphic as topological groups. Observe that both
groups are homeomorphic to a Cantor set. From Theorem 2 we deduce:
Theorem 4. There are ‘nice’ spaces X and Y such that H(X) and H(Y) are infinite,
algebraically isomorphic and homeomorphic, but not topologically isomorphic.
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